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Abstract intersection theory and operators in Hilbert space 

Grzegorz Banaszak"! and Yoichi Uetake 

Abstract. For an operator of a certain class in Hilbert space, we introduce axioms of an 
abstract intersection theory, which we prove to be equivalent to the Riemann Hypothesis con- 
cerning the spectrum of that operator. In particular if the nontrivial zeros of the Riemann 
zeta-function arise from an operator of this class, the original Riemann Hypothesis is equiva- 
lent to the existence of an abstract intersection theory. 

0\ • 1. Introduction 

O 

o, 

CN . Let A be a linear operator acting on a Hilbert space H such that its spectrum a (A) consists 

only of the point spectrum cr p (A) (i.e. eigenvalues). We say that the operator A satisfies the 
Riemann Hypothesis (RH, shortly) if Re(s) = \ for all s G cr(A) = cr p {A). 

We introduce a set of axioms ((INT1-3) in §3.1), which we show to be equivalent to the 
RH for the operator A. The axioms constitute a theory that is analogous to the classical 
intersection theory on a surface used by Weil for his proof of the RH for curves over a finite 
field and his explicit formulae [8] (see also [3], [4] and [6]). Thereby we call the axioms an 
abstract intersection theory. The paper is organized as follows. 

In §2 we impose some reasonable conditions (OP 1-5) on operators in Hilbert space to be 
considered. Then we introduce a functional calculus for them, which has a role of cutting 
off their spectra. Our abstract intersection theory consists of conditions (INT1-2) on some 
specific vectors including what we call a Hodge vector, and the Lefschetz type formula (INT3). 
We describe this in §3.1. In §3.2, we give a model of the abstract intersection theory, using a 
construction similar to the GNS (Gelfand-Naimark-Segal) representation (e.g. [5]). Interestingly 
enough, Weil himself reviewed Segal's work [5] in the Mathematical Reviews. Using this model, 
we show in Theorem 3.5 that the RH for the operator A is equivalent to the existence of an 
intersection theory in our sense. 

In our intersection theory we introduce M-valued functions q and g of the F-coordinate of 
the critical strip. These can be seen as analogs of q — JjF 9 and the genus number g of a curve C 
respectively in the classical intersection theory on a surface C x C, which is used to prove the 
RH for C over a finite field ¥ q . For further comparison of our construction with the classical 
^ ! theory, see §4. 

We note that there is the so called Tehran program by Connes, Consani and Marcolli [1] to 
adapt Weil's proof to the case of number fields. 

2. Functional calculus for closed operators 

Let A: H D dom(A) —>■ H be a possibly unbounded operator on a separable C-Hilbert 
space H. We assume the following properties of A. 

(OP1) A is closed. 

(OP2) The spectrum a (A) consists only of the point spectrum (i.e. eigenvalues) cr p (A) (i.e. 
c(A) = a p (A)), which accumulates at most at infinity. 

(OP3) (a) Image(P{ Sc( }) (see Lemma 2.1 below for definition) is finite dimensional for any 
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s a G a p {A). 

(b) The Riesz index v(s a ) = 1 for any s a G cr p (A). (See the paragraph following Lemma 
2.1 for definition.) 

(OP4) a(A) C Vloo, where := {s G C; < Re(s) < 1}. 

(OP5) (a) Re(s a ) < \ for some s a G cr(A) if and only if there is G cr(A) such that 
Re(s^) > \. 

(b) If s a G cr(A) then G cr(A) with the same multiplicity mult(s^) = mult(s a ). (See 
the paragraph following Lemma 2.1 for definition.) 

For examples of operators related to Dirichlet L-functions satisfying all the above conditions 
except for (OP3-b), see e.g. [7, Theorem 4.1]. If the multiplicity of nontrivial zeros of a given 
L-function is one, then the corresponding operator constructed in [7] also satisfies (OP3-b). 
By (OP1) we can use the following lemma from [2, XV. 2, Theorem 2.1, p. 326]. 

Lemma 2.1. Suppose A: H D dom(A) — > H is a closed operator. For a bounded subset 
W of a {A), let P w : H — > H be the Riesz projection 



P w = 7T~ f ( s ~ A)~ 1 ds, 

'dA 
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where A is a bounded domain of C such that W <s A (i.e.W C A°) and A n r = for 
r = a{A)\W. Then 

(i) M = Image(P^) and N = Ker(P^) are A-invariant (i.e. A(N n dom(A)) C N etc.). 

(ii) M C dom(A) and A\ M (the restriction of A to M) is bounded. 
(ill) a(A\ M ) = W and a(A\ N ) = r. 

By (OP3) and Lemma 2.1 (i) and (iii), the resolvent (s — A)' 1 has a pole of order v(s a ) = 1 
at s = s a G o~ p (A). Here v(s a ) denotes the Riesz index of s a defined as the smallest positive 
integer such that Ker((s a — A) u( - Sa ^) = Image(P{ Sct }). We call mult(s Q ) := dim Image (P{ Sa }) the 
(algebraic) multiplicity of s a . By (OP2), (s — A)~ l is meromorphic in C. 

For Y > let a Y (A) := {s G a (A); |Im(s)| < Y}. By (OP2) and (OP3-a) one can take some 
e y > and fl y = {sGC;0< Re(s) < 1, |Im(s)| < Y + e Y } such that n^C](a(A)\a Y (A)) = 0. 
Let J^" be an M-algebra defined by 



& := {4>; 4>(s) is holomorphic in an open set =>> f^andc^s) = 0(s) fors G <r(A) U{0, 1}}. 
Let 0(A): H D dom(0(A)) ^ P be defined by 

4>(A)x= lim —(<£ (f)(s)(s - Aj^ds^x 
y-,00 2m \Jqq v J 



for x G dom(0(A)) := G P; the limit 0(A)x exists in H}. By (OP3-b), Lemma 2.1 and the 
functional calculus for bounded operators, we have 4>{A) = Xlseo-(yi) ( t ) { s )P{s}- 
We define tr(4>(A)) as a functional on & as follows: Define 

tr(-(A)): J? D dom(tr(-(A))) -> C 

by 

tr(0(A)) = ^ mult(s)0(s), 



where 

dom(tr(-(A))) := {</> G J^; mult(s)</>(s) < oo}. 

secr(A) 

Let q: & — > R be defined by g(0) = 0(1). Using the Weierstrass factorization theorem, one 
can define <fi Y G 3? for each y > so that 

(i) y (O) = 1, 

(ii) q(<p Y ) G (0,l)U(l,oo), 

(iii) (p Y (s) = q(<p Y ) s if s G <r y (A), 

(iv) 0y(s) = if s G <r(A) \ <7y(A). 

Note that for such </>y, 0y(A) is bounded and 

<fi Y (A)x = —( <f> q((j) Y ) s {.s - Ay 1 ds)x for all x G H. 

We define g: & — > [0, oo] by = | dimImage(0(A)). Note that g(</>y) < oo for each 
y > 0. Let 

q = q(Y):= q(4> Y ) and g = g(Y) :=g(4> Y ). 

3. Abstract intersection theory 

3.1. Axioms of abstract intersection theory 

Let V be an R-linear space, endowed with a symmetric bilinear form j3: V x V — > R. 
Let EndjR(y) denote the set of R-linear operators on V. Suppose that there are nonzero vectors 
^oi) ^io an d h a in V, a mapping vs'-& D dom^) — > V, and an R-algebra homomorphism 
<3>: ^ D dom^) — > End^iV) that satisfy the conditions listed below, which we call an abstract 
intersection theory. For each <p Y G & defined in §2, let 

v s = v s (Y):=v s (<I>y) and $ = $(y) := $(</> y ). 

(INT1) (a) P(v 01 ,v 01 ) = 0. (b) /?(u 10 , u 10 ) = 0. (c) /3(v i, Vio) = 1. 

(d) /3($»v 5 , i; 01 ) = 1. (e) P($ n v s , v w ) = 0{q n ). (f) /3(Q n v s , $ n v s ) = 0(q n ). 
(g) p(x, y) = 0{y, x)eJSL for x, y G V. 

(INT2) For x G V, if /i a ) = then x) < 0. 

Note that (INT1) is assumed to hold for each Y > 0. The Bachmann-Landau notation 0(q n ) 
in (INT1) is with respect to n ^> for q = q(Y) fixed. We call (INT2) the Hodge property, and 
h a a Hodge vector. 

Lemma 3.1. Under the assumptions (INTl-a)-(INTl-c), (INTl-g) and (INT2), we have 

(3(x, x) < 2f3(x, v i)(3(x, v 10 ) (x G V). 

Proof. Given any x G V, define ~: R 3 — > y by r = rii>oi + r 2 t>i + r 3 :r for r = X]j=i r i e i- 
Here e x = (1, 0, 0)*, e 2 = (0, 1, 0)* and e 3 = (0, 0, 1)*. Let E x = e x + e 2 and E 2 = e x - e 2 . 
Then by (INTl-a)-(INTl-c), = 2, (3(E 2 , E 2 ) = -2 and f3(E u E 2 ) = 0. Let £ 3 = 

e 3 + A^E 1 ! + A; 2 i? 2 . Then 

(3(E 3 , Et) = P(x, v 0l ) + (3(x, v 10 ) + 2fci and /3(£ 3 , £ 2 ) = v 01 ) - [3(x, v w ) - 2k 2 . 
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Hence one can set 

k 1 = ~{P(x,v 01 )+P(x,v 10 )} and k 2 = ^{/3(x, v 01 ) - (3(x, v w )} 

so that (3(E 3 , Ei) = (3(E 3 , E 2 ) = 0. Then one can check that 

f3(E 3 , E 3 ) = (3{x, x) - 2(3(x, v m )(3{x, v w ). 

Now suppose /3(E 3 ,E 3 ) > 0. Then m := 0(E 3 ,h a ) ^ by the Hodge property in (INT2) and 
for n := -f3(E±,h a ), 

{3{mE x + nE 3 , mE x + nE 3 ) = m 2 fi(E x , E x ) + n 2 f3{E 3 , E 3 ) > m 2 {3(E x , E x ) = 2m 2 > 0. 

But we have f3{mE 1 + nE 3 , h a ) = 0, which contradicts the Hodge property. Hence we get the 
claim. □ 

For x, y G V let 

(*) (x, y)v = v i)P(y, v w ) + f3(x, v w )(3(y, v 01 ) - P(x, y). 

By Lemma 3.1, (•, -)y is positive semidefinite, i.e. (x, x)y > for x G V. Indeed, as we will see 
soon below, this bilinear form must be positive semzdefinite, not positive definite. 
It is easy to see that from (INT1) and (*) the following conditions follow. 

(IP) (a) (v i,v 01 ) v = 0. (b) (vio,Vio)v = 0. (c) (v 01 ,v 10 ) v = 0. 

(d) {$ n v s , v 01 ) v = 0. (e) ($ n v s , v w ) v = 0. (f) ($ n v s , ® n v s ) v = 0(q n ). 

Here v$ : $ and q are parametrized by Y as in (INT1). 

From the positive semidefinite property, we obtain the Cauchy-Schwarz inequality: 



\(x,y)v\ < V (x,x) v (y,y) v (x,yeV). 

Note that by this inequality, (x,y ) v = for all x G V if (yo,yo)v — 0. Accordingly 
(x, v i)v = {x, v w ) v = for x G V. 

Now we introduce axiom (INT3), which we call the Lefschetz type formula. 

(INT3) For any (f> G dom(vs) and any n > 0, 

tr(0(Ay) = ($(0)^(0), v s (<f>))v. 

3.2. A model of abstract intersection theory and the main theorem 

The following construction, which we call a model of abstract intersection theory, is hinted 
by the GNS (Gelfand-Naimark-Segal) construction [5]. 

Let {ej}^ l ^[ H (1 < dimH < oo) be a complete orthonormal basis of H. Embed H into a 
bigger Hilbert space K, so that K H = C 2 . Here K H is the orthogonal complement of H 

in K. We understand that ej is embedded in K as ej i— > e',- = ^ « Let B(K) denote a set 

of bounded operators on K. Put 

dim H 

Vi = {xe B(K); Wx]^ := ^ {^xe'j, e\) K < oo} 

j'=i 
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as an IR-linear space of Hilbert-Schmidt type class with a semi definite inner product (x, y)v 1 = 
\ ^=i H ((y*^ + x*y)efj, e'^K for x, y G V ± . Note that (x, y) Vl = (y, x) Vl G R. 

Define some elements of V\ in block diagonal form (acting on K = ^ ® ^ ) as follows (blank = 



0): 





f 




VQl ■= 1 




1 










«10 : = 
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vsi{4>) ■-- 
























v s (4>) := v S i{4>) + v 01 + v 10 (0 G dom(w 5 )). 

Here := Image(0(A)) and Ph*'- H — > denotes the orthogonal projection of H onto 
(not a Riesz projection in Lemma 2.1). In this model of abstract intersection theory we let 

dom(^) := {<p G &\g{4>) < oo}. 

Note that 4>y G dom(y$). It is easy to see that t>oi,t>io belong to V±, and that vs(<p) G V\ for 
(j) G dom^). 

Lemma 3.2. Suppose that an operator A: H D dom(A) — > if £/ia£ satisfies (OP1), (OP2), 
(OP3), (OP4) and (OP5-b) is given. Let (f>y (V > 0) be as defined in §2. Then for the above 
R-linear space V\ there exists an R-algebra homomorphism $: D dom^) — > Endni(Vi), so 
that 

(i) The conditions (IP-a)-(IP-e) with V replaced by V\ hold. 

(ii) The Lefschetz type formula (INT3) with V replaced by V\ holds. 

Proof, (i) Define $: & D dom(?; 5 ) — > End IR (Vi) by 

~ x / 4>(A) I \ 

$(<p)x = 0(1) o \x 

V 0(0) J 

for G dom^) and x G Vi. It is easy to check that $(0)x G V\ if a; G Vi. Observe that 
dom^) is a subalgebra of J^. Hence one can easily see that <£> is an M-algebra homomorphism. 
It is easy to check that <t((j)) n vs((f)) G V± (n > 0) provided that 4> G dom^). We recall that 
4>y G &om.(v$). It is also easy to see that the vectors Uoii^io an d v & satisfy the conditions 
(IP-a)-(IP-e). For example, (t>oi,^oi)vi — Ylf^{ H ( v oi v oi e 'j > e 'j) k ■ However since v 0i ej = one 
gets (IP-a). 

(ii) For <p G dom^) let {ej}^f^ be an orthonormal basis of H^. Then, since (p(A)H^ C H^, 
we have 

1 v {4,) 

WrW), W)>Vi = -^{(0(A)"e,,e,)^ + (0(A)™e„e,)^} 
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i | 

= g E^^'^ + (0(^,^4 = -(tr(0(A)") +tr(0(A)")), 



which is tr(0(A) n ) provided that tr(0(A) n ) G R. This condition is satisfied by (OP5-b) and the 
definition of & . □ 

The following lemma says that given V\ as above, one can find many V's and /3's satis- 
fying (INT 1-2). 

Lemma 3.3. In the same situation as in Lemma 3.2 and its proof, suppose that $ = $(Y)(= 
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$(0y)) further satisfies (IP-f). Let V be an M.-linear subspace of V\ such that t> 01; v w and 
$ n v 5 = ®(Y) n v 5 (Y) all belong to V for any Y > 0. 

Then there is a bilinear form j3: V x V — > 1R. and a Hodge vector h a G V which satisfy 
(INT1-2) and (*). 

Proof. (INT1) and (*): In (*) let (•, -)v be the inner product on V inherited from (-,-)vi- 
Given (•, -) v , one can determine /3(x,y) from /3(x,v i), j3(x,v w ), j3(y,v i) and /3(y,v w ) via 
(*). Decompose V into a direct sum of W 1 and W 2 , where W\ is the IR-linear span of 
{v 01 ,v 10 ,$(Y) n vs(Y);Y>0,n>0}. 

Let vsi = vgi(Y) = vsi(<Py)- For each fixed Y > there is my < dim Image (P aY (A)) such 
that vectors $ n vsi = &(Y) n vsi(Y) (0 < n < my), i> i, v w are linearly independent. Moreover 
Q n vsi (n > m Y ) is a linear combination of $ n v,5i (0 < n < m Y ). Hence one can define /3(-,i>oi), 
P(;v w ), /3(v O i,0 and /?(ui , •) on Wi so as to satisfy (INTl-a), (INTl-b), (INTl-c), (INTl-g) 
and 

P($ n vsi,v i)=0 (0<n<m Y ), p{$ n v si , v w ) = (0 < n < m y ). 

Then, since $ n t>,5 = ^"i^i + g™t>oi + ^io, we see that (3 satisfies (INTl-d) and (INTl-e). 
(INTl-f) also follows from (IP-f), (INTl-d), (INTl-e) via (*). 

Assign arbitrary IR-linear mappings (3(-,v m ) and P(-,v w ) of W 2 to R, imposing (INTl-g). 
Then one can determine (3 on V x V via (*). One can check (INTl-g) since (x,y)v = (y,x)v 
in (*). 

(INT2): Let h a = vqi + fio- If P(x,h a ) = 0, then f3(x, vio) = —fi(x,voi). Thus /3(x,x) = 
2/3(x, voi)P(x, vio) — (x,x)y = — 2/3(x,«oi) 2 — (x,x)y < 0. Therefore /i a is a Hodge vector. □ 

We use the following lemma (e.g. [4], Lemma 2.2, p. 20) in the proof of Theorem 3.5 be- 
low. 

Lemma 3.4. Let Xj (1 < j < 2g) be complex numbers. Then there exist infinitely many 
integers n > 1 such that \\i\ n < \ Y^j=i 

Theorem 3.5. Let A: H D dom(A) — > H be an operator satisfying (OP1-5). The follow- 
ing conditions are equivalent. 

(i) The Riemann Hypothesis holds for A. 

(ii) There exist an M.-linear space V , a symmetric bilinear M.-valued form f3onV,a mapping 
vs of dom(ys) C & into V, and an M.-algebra homomorphism $ of dom(ys) C & into EndR(V) 
giving vectors v m , v w , h a , & n vs = $(Y) n vs(Y) (Y > 0) in V so that axioms (INT1-3) of the 
abstract intersection theory hold. 

Proof, (ii) =>- (i): Suppose the RH for A does not hold. Then by (OP5) one can find and fix 
Y > so that o-y(A) as described in §2 contains s a ,sp G cr(A) with Re(s a ) < ^,Re(sp) > \. 
Therefore o~y(A) contains Si such that g Ro(si ) > q\ , where q = q(Y). Actually, if < q < 1 
(re)set s\ = s a , while if q > 1 (re)set s± = sp. 

Let Sj (2 < j < 2g = 2g(Y) = dim H^ Y ) be all the other eigenvalues of A in ay (A), counted 
with algebraic multiplicities. (Note that Image(P cry ( J 4)) = H^ Y since (f)y(s) ^ for s G ay (A).) 
Let Xj = (f)y(sj) = q Sj (1 < j < 2g). Then by Lemma 3.4, v n = Y^j=\ i s n °t 0(q%), since 
we could have chosen Si so that |Ai| ra = \q Sl \ n = g2(l + e) n for some e > 0. By (OP4) and 
the spectral mapping theorem, a(<p Y (A) n ) = a p ((f) Y (A) n ) = 4> Y {a Y {A)) n U {0} = {A™; l< j < 
2g} U {0}. However, by (INT3), the Cauchy-Schwarz inequality and (IP-f), we see that v n is 
0(qz). This is a contradiction. 
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(i) ==> (ii): By Lemma 3.2, we have (IP-a)-(IP-e) and (INT3) for vectors in V% and $ = 
All we have to do now is to verify (IP-f). Let us take a constant q > 1 so that q = q(Y) 
for all Y > 0. If the RH for the operator A holds, then each eigenvalue \? (1 < £ < 2g) 
besides 0, counted with algebraic multiplicities, of 4>y(A) can be written as = qie t6l (9i e M). 
By (OP3-b) one can choose eigenvectors we associated with Xe so that 4>y(A)w£ = XeWe. Let 
{ e j} 2 f=i be an orthonormal basis of H^ Y . Now one can write ej as ej = YltLi a j£ w £ f° r some 
(Xjt = cijeQf) G C. Then in a similar way as in the proof of Lemma 3.2 (ii), 

3=1 

2g 2g 2g 

= ^(^aj£0y(A) n ^, ^ a jm (p Y (A) n w m ) H ^, Y . 

j=l £=1 m=l 

Since <pY{A) n W£ = \™we, we have (IP-f). Therefore by Lemma 3.3, we have (INT1-2) for a 
subspace V C V\. We have of course (INT3) by restricting to V . □ 

4. Analogy with the intersection theory on a surface over ¥ q 

Let C be a smooth projective curve over a finite field ¥ q , and S = C x C the surface 
over F q . Let Pic(S')(~ H 1 ^, Og)) be its Picard group, which we regard as a Z-module, so 
as to preserve the analogy with Weil divisors. V in §3 is modeled on Pic(S') ®i K, and /?(•, •) 
in §3 on the M-tensored intersection pairing £(•, •) on Pic(S') ®z M. $ = <&{Y) in (INT1) is 
an analog of the linear mapping on Pic(S') ®z K induced by the morphism Frob x id on S. 
Then one may regard Vqi, v w , v$ and Q n vs in (INT1) as analogs of graphs pt x C, C x pt, A 
and r Frob ™, respectively. The Hodge property comes from the Hodge index theorem. A Hodge 
vector h a corresponds to an (ample) hyperplane section of S, thereby (3(-,h a ) gives an analog 
of the degree function deg ®zl: Pic(S') <S>z R — ► K. Lemma 3.1 is an analog of Castelnuovo's 
inequality. 

If if = Frob™, then it turns out that 

tr(ip*\ H g) = 1 = z(I\,,pt x C)i(A,C x pt) 

and 

tr((p*\ H g) = q n = i(T v ,C x pt)z(A,pt x C). 
So the Lefschetz fixed-point formula for the £-adic cohomology reads for ip = Frob n as 



t%>*|#i) = i(r v , P t x c)«(A, c x P t) + i(r,„ c x P t)j(A, pt x c) - i(r v , A) 

=: (r^, A) Pic (5),g, zR . 

(INT3) is modeled on this, and <p{A) n acting on H is an analogy of i P*\n\ acting on the first 

£-adic etale cohomology group H} t (C ®p q F g , Qe). 

Introducing a cut-off function (p is modeled on Weil's explicit formula [1952b], [1972] in [8]. 
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